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Abstract
Some boundary properties of nonparametric surfaces with finite area are proved.
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1. Main theorem
Let D ⊂ R2 be a simply connected domain with a Jordan boundary ∂D and O ∈D be
a fixed point. Let U ⊂ D be an open set. We denote by U the closure in the Euclidean
topology of R2, by [U ] =U \ ∂D, and ∂ ′U = [U ] \U.
Definition 1.1. Let f :D→ Rm be a continuous vector function. We will say that a ∈ ∂D
is the point of ∂ ′-continuity of f if there exists a sequence of subdomains {Dk}∞k=1 ⊂ D
with the following properties:
(α) each ∂ ′Dk separates the point a from the point O;
(β)
⋂
k[Dk] = ∅; diam∂ ′Dk → 0 as k→∞;
(γ ) lim infk→∞ osc(f, ∂ ′Dk)= 0.
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osc(f,E)= sup
x,y∈E
∣∣f (y)− f (x)∣∣
is the oscillation of f :D→ Rm in the set E ⊂D.
The rest of the points of ∂D are called ∂ ′-jump points of the function f. These concepts
are independent of the point O .
We set
δ(a,f,O)= inf
γ
max
{
osc(f, γ ),diam(γ )
}
,
where the infimum is taken over all arcs γ ⊂D, γ ∩ ∂D = ∅, separating points a and O
on D. It is easy to see that a point a ∈ ∂D is the point of ∂ ′-continuity of f if and only if
δ(a,f,O)= 0.
A vector function f :D→ Rm is called monotone if for each subdomain ∆⊂⊂D,
osc(f,∆) osc(f, ∂∆).
A vector function f :D→ Rm belongs to LipD if for some L<∞,∣∣f (y)− f (x)∣∣L|y − x| for all x, y ∈D.
A vector function is called locally Lipschitz if f ∈ Lip∆ for each subdomain ∆⊂⊂D.
Let S be a 2-dimensional surface in Rm, m 3, given by the vector function
χ = χ(ξ)= (ξ1, ξ2, g1(ξ), . . . , gm−2(ξ)) :D→ Rm, (1.1)
where ξ = (ξ1, ξ2) and gi , i = 1, . . . ,m− 2, are locally Lipschitz functions in D.
The system (1.1) describes a two-dimensional nonparametric surface S = χ(D).
The following statement contains the main result of this article.
Theorem 1.2. Let D ⊂ R2 be a bounded Jordan domain with O ∈D. Let S be a non-
parametric surface given by a monotone vector function (1.1). If areaS <∞, then χ(ξ)
is ∂ ′-continuous at all points a ∈ ∂D except possibly on a countable set. Moreover, if
a1, a2, . . . are ∂ ′-jump points of χ(ξ), then
3∑
i=1
max
{
π − K
2
πδ2(ai, χ,O)
,0
}
+ 2
∞∑
i=4
arcsin
(
1
2
exp
{
− K
2
δ2(ai, χ,O)
})
 π,
(1.2)
where
K = 2√π(areaS)1/2.
2. Relative distance in S
Let D be a subdomain of R2 and let S be a nonparametric locally Lipschitz sur-
face (1.1). The line element on S is defined in the usual way
526 O. Martio et al. / J. Math. Anal. Appl. 286 (2003) 524–539ds2S = (dx1)2 + (dx2)2 + (dx3)2 + · · · + (dxm)2
= (dξ1)2 + (dξ2)2 +
( 2∑
i=1
g′1,ξi
)2
+ · · · +
( 2∑
i=1
g′m−2,ξi
)2
=
2∑
i,j=1
(
δij +
m−2∑
k=1
∂gk
∂ξi
∂gk
∂ξj
)
dξi dξj (2.1)
and this generates a Riemannian metric on S .
The mapping (1.1) is one-to-one. We denote by j :S →D its inverse mapping. It is a
projection of S into D.
Suppose that the domain D is simply connected and fix a point O ∈D. Let O ′ = χ(O)
be the image of O on S .
For points p,q ∈ S \ {O ′} we set
ρ(p,q;O ′,S)= min{ρ1(p, q), ρ2(p, q)}, (2.2)
where ρ1 is the infimum of diameters in the metric of Rm of arcs γ ⊂ S \ {O ′} connecting
p and q ; ρ2 is infimum of diameters of open Jordan arcs γ lying in S \ {O ′} and separating
p,q from O ′ on S . The quantity ρ is called the relative distance between points p,q ∈
S \ {O ′}. The relative distance between a point p ∈ S \ {O ′} and the point O ′ is
ρ(p,O ′;O ′,S)=: lim
q→O′
q =O′
ρ(p,q;O ′,S).
Lemma 2.1. The function ρ defines a distance in S .
Proof. Only the triangle inequality requires a proof. Moreover, it suffices to prove the
triangle inequality in the case the three points p,q, r belong to S \ {O ′}. We consider three
cases.
In the first case we assume that
ρ(p, r;O ′,S)= ρ1(p, r), ρ(r, q;O ′,S)= ρ1(r, q).
Let % > 0. We choose arcs γ1 connecting p to r and γ2 connecting r to q such that
diam(γ1) ρ1(p, r)+ %2 , diam(γ2) ρ1(r, q)+
%
2
.
Because the arc γ1 ∪ γ2 joins p and q, we have
ρ1(p, q) diam(γ1)+ diam(γ2) ρ1(p, r)+ ρ1(r, q)+ %,
and hence
ρ(p,q;O ′,S) ρ1(p, q) ρ1(p, r)+ ρ1(r, q)+ %
 ρ(p, r;O ′,S)+ ρ(r, q;O ′,S)+ %.
Letting %→ 0 we obtain the triangle inequality.
In the second case let
ρ(p, r;O ′,S)= ρ2(p, r), ρ(r, q;O ′,S)= ρ2(r, q).
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diam(γ1) ρ2(p, r)+ %2 , diam(γ2) ρ2(r, q)+
%
2
,
and that q /∈ γ1, p /∈ γ2.
The surface S is simply connected and, if γ1 ∪ γ2 is connected, then it separates points
p and q from O ′. Hence,
ρ2(p, q) diam(γ1)+ diam(γ2) ρ2(p, r)+ ρ2(r, q)+ %.
If the set γ1 ∪ γ2 is not connected, then one of the arcs γ1 or γ2 separates p and q
from O ′. Hence we have
ρ2(p, q)max
{
diam(γ1),diam(γ2)
}
 ρ2(p, r)+ ρ2(r, q)+ %.
Letting now %→ 0 we conclude in both situations that
ρ(p,q;O ′,S) ρ2(p, q) ρ(p, r;O ′,S)+ ρ(r, q;O ′,S).
By symmetry it suffices to consider the last third case
ρ(p, r;O ′,S)= ρ1(p, r), ρ(r, q;O ′,S)= ρ2(r, q).
Choose an arc γ1 joining points p and r on S such that
diam(γ1) ρ1(p, r)+ %2 ,
and an arc γ2 separating points r and q from O ′ on S with the property
diam(γ2) ρ2(r, q)+ %2 .
We may also assume that q /∈ γ1 and p /∈ γ2. If γ2 separates p from O ′, then
ρ(p,q;O ′,S) ρ2(p, q) diam(γ2)
 ρ2(r, q)+ %2  ρ(p, r;O
′,S)+ ρ(r, q;O ′,S)+ %
2
.
If γ2 does not separate p from O ′, then γ1 ∪ γ2 is connected, contains γ and separates
q from O ′. Now it is easy to construct an arcγ3 such that γ3 separates q and r from O ′ and
diam(γ3) diam(γ1 ∪ γ2)+ %.
Hence we obtain
ρ(p,q;O ′,S) diam(γ3) diam(γ1)+ diam(γ2)+ %
 ρ1(p, r)+ ρ2(r, q)+ 2%  ρ(p, r;O ′,S)+ ρ(r, q;O ′,S)+ 2%.
Letting again %→ 0 we get the triangle inequality in the third case. This completes the
proof of the lemma. ✷
By the symbol ∂ρS below we denote the boundary of S in the metric ρ, that is, up
to the standard equivalence relation, the set of all Cauchy sequences (pn) of points on S
fundamental in the relative metric ρ and not having a condensation point on S .
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definition with m= 2. Then the relative boundary ∂ρS of a plane domain S =D coincides
with the Carathéodory boundary.
For a discussion of the relative distance on planar domains see [3] and [6, Part I, §4].
Obviously the projection j :S →D does not increase diameters of arcs and hence we
have
Lemma 2.2. Let S be a locally Lipschitz nonparametric surface (1.1) given over a simply
connected domain D ⊂ R2, and j (O ′)=O . Then for an arbitrary pair of points p,q ∈ S ,
ρ
(
j (p), j (q);O,D) ρ(p,q;O ′,S). (2.3)
3. Estimates for relative distance
Here we obtain some estimates of the relative distance under conformal mappings of a
plane domain onto a nonparametric surface.
Let A be an ellipse on the (ξ1, ξ2)-plane. Characteristics of the ellipse A are called the
ratio p  1 of its axes and, if p > 1, an angle θ , 0  θ < π , between its greater axis and
the −−→0ξ1-axis.
These characteristics give A up to transformations of a displacement and a similarity.
We assume that A is an ellipse with the center at the origin, the smaller semiaxis h > 0
and characteristics (p, θ). We have
γ (ξ1)
2 − 2βξ1ξ2 + α(ξ2)2 = ph2, (3.1)
where

α = p cos2 θ + 1
p
sin2 θ,
β = (p− 1
p
)
cosθ sin θ,
γ = p sin2 θ + 1
p
cos2 θ.
(3.2)
In fact, setting
ξ˜1 = ξ1 cosθ + ξ2 sin θ,
ξ˜2 =−ξ1 sin θ + ξ2 cosθ,
we find
(ξ˜1)2
(ph)2
+ (ξ˜2)
2
h2
= 1.
This relation implies (3.2).
The quantities α, β and γ are connected by equations
αγ − β2 = 1.
If an ellipse is given by the equation
A(ξ1)
2 + 2Bξ1ξ2 +C(ξ2)2 =D, AC −B2 > 0, A > 0, (3.3)
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γ
A
=− β
B
= α
C
= ph
2
D
= 1√
AC −B2 , (3.4)
which follow from (3.1) and (3.3).
From (3.2) we find
p+ 1
p
= α + γ,
tan 2θ = 2β
α − γ , β tan θ  0.
Thus,

p = α+γ2 +
√(α+γ
2
)2 − 1 = α+γ2 +
√(α−γ
2
)2 + β2,
tan θ = γ−α+
√
(γ−α)2+4β2
2β .
(3.5)
Let S be a locally Lipschitz nonparametric surface given by a vector function (1.1).
We fix arbitrarily a point a ∈ D, where the vector function χ = χ(ξ) is differentiable.
By the Stepanoff theorem [2, Theorem 3.1.9] this vector function is differentiable almost
everywhere.
The quadratic form (2.1) is positive definite and gives a distribution of ellipses with
characteristics (p, θ) almost everywhere on D. Using (3.4) and (3.5) we compute
p(a)= A+C
2
√
AC −B2 +
((
A+C
2
√
AC −B2
)2
− 1
)1/2
,
where
A= 1+
m−2∑
k=1
(
∂gk
∂ξ1
)2
,
B =
m−2∑
k=1
∂gk
∂ξ1
∂gk
∂ξ2
,
C = 1+
m−2∑
k=1
(
∂gk
∂ξ2
)2
.
Next, let u = u(ξ) be a quasiconformal mapping from the domain D into the plane of
variables u = (u1, u2) with characteristics which are equal almost everywhere on D to
p(ξ) and θ(ξ).
We have
AC −B2  1+
m−2∑(∂gk
∂ξ1
)2
+
m−2∑(∂gk
∂ξ2
)2
 1k=1 k=1
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ess sup
D′
p(ξ) ess sup
D′
[
A+C
2
+
((
A+C
2
)2
− 1
)1/2]
<∞
for each subdomain D′ ⊂⊂ D. Now by the well-known measurable Riemann mapping
theorem [1, Theorem 9] there exists a locally quasiconformal mapping u= u(ξ) of D into
R2 with characteristics which are almost everywhere equal to p(ξ) and θ(ξ) in D. This
mapping is unique up to conformal transformations on the image domain.
The following properties of the mapping u :D→ R2 are well known:
(i) The mapping u = u(ξ) has a differential almost everywhere on D and at each point
of differentiability it transforms infinitesimal ellipses with characteristics p(ξ), θ(ξ)
onto infinitesimal circles (see [1, §1]).
(ii) The mapping u= u(ξ) has generalized locally square integrable derivatives, that is, it
belongs to the class ACL2loc(D) (see [1, §4]).
(iii) Let G = u(D) and let ξ = ξ(u) = (ξ1(u), ξ2(u)) be the inverse mapping of u. The
characteristic p(u) of the inverse mapping ξ :G→ D is locally bounded on G (see
[1, §1]) and, by virtue of the property (ii), the mapping ξ = ξ(u) also belongs to the
class ACL2loc(G).
Consider the composed mapping
χ∗(u)= χ ◦ ξ(u)= (x1(u), x2(u), . . . , xm(u)) :G→ S, u= (u1, u2). (3.6)
Since the functions g1, . . . , gm−2 are locally Lipschitz on D, then by virtue of (iii), the
functions xk(u) ∈ ACL2loc(G), k = 3, . . . ,m.
Suppose that the vector function (1.1) is monotone. Then the vector function (3.6) is
monotone too. By the Stepanoff theorem χ∗(u) is differentiable almost everywhere on G.
The vector function χ∗ :G → S defines a one-to-one mapping from the domain
G= u(D) onto the surface S . The mapping χ∗ :G→ S is a composition of mappings
ξ(u) and j−1, and so transforms infinitesimal circles, firstly, by property (i) onto infinites-
imal ellipses on the ξ -plane and, secondly, by the definition of the characteristic p(x) onto
infinitesimal circles on the surface S .
Thus, χ∗ :G→ S is conformal almost everywhere and almost everywhere on G it has
the following properties:∣∣∣∣∂χ∗∂u1
∣∣∣∣=
∣∣∣∣∂χ∗∂u2
∣∣∣∣,
〈
∂χ∗
∂u1
,
∂χ∗
∂u2
〉
= 0. (3.7)
Here the symbol 〈. , .〉 means the scalar product on Rm.
The variables (u1, u2) are called isothermal coordinates on S.
Suppose that the domain D is simply connected and its image G= u(D) is different
from the entire plane R2. Because relations (3.7) are invariant under conformal mappings
in the plane of variables u = (u1, u2), without loss of generality we can assume that the
domain G is bounded.
We consider the conformal mapping χ∗. We let O ′′ = (χ∗)−1(O ′) and denote by r(G)
the Euclidean distance from O ′′ to ∂G.
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domains onto nonparametric surfaces in Rm. For quasiconformal mappings between plane
domains such a result has be obtained in [6, Chapter I, §8] and for conformal mappings
from domains D ⊂ R2 onto graphs of functions x3 = f (x1, x2) in [5].
Theorem 3.1. Let S be a nonparametric surface in Rm given by a locally Lipschitz vector
function (1.1). If the vector function χ∗ :D→ Rm is monotone and area(S) <∞, then for
each pair of points p,q ∈G satisfying the condition
ρ(p,q;O ′′,G) < min
{
1,
1
16
r4(G)
}
, (3.8)
the following estimate of the relative distance holds:
ρ
(
χ∗(p),χ∗(q);O ′,S)K log−1/2 1
ρ(p,q;O ′′,G) . (3.9)
Here r(G)= infu∈∂G |u−O ′′| and K is the constant of Theorem 1.2.
Proof. We fix arbitrary points p,q ∈G\ {O ′′} with (3.8). Let γ ⊂G\ {O ′′} be an arc such
that
diam(γ ) < ρ(p,q;O ′′,G)+ % < min
{
1,
1
16
r4(G)
}
,
where % > 0 is a sufficiently small number.
We choose a point a ∈ γ and consider a family of circles
Lτ =
{
u ∈ R2: |u− a| = τ}, r < τ < R, (3.10)
where
r = ρ(p,q;O ′′,G)+ %, R =√ρ(p,q;O ′′,G).
We have
ρ(p,q;O ′′,G) <√ρ(p,q;O ′′,G) < 1,
and hence this family is not empty for all sufficiently small % > 0. Each of the circles Lτ
contains an arc γ.
Next we consider two cases.
The first case. Suppose that
dist(a, ∂G)
√
diam(γ ). (3.11)
Here dist(w,B) stands for the Euclidean distance from the point w to the set B . Now√
ρ(p,q;O ′′,G) < |a −O ′′|, (3.12)
that is, each of the sets Lτ separates p,q from O ′.
To see this suppose the contrary. Let
|a −O ′′|√ρ(p,q;O ′′,G).
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|x −O ′′| |x − a| + |a −O ′′|.
Thus by virtue of (3.11),
r(G) |x −O ′′|√diam(γ )+√ρ(p,q;O ′′,G)

√
ρ(p,q;O ′′,G)+ % +√ρ(p,q;O ′′,G).
The relation (3.10) between r and R now implies
r(G) ρ1/4(p, q;O ′′,G)+ ρ1/2(p, q;O ′′,G) < 2ρ1/4(p, q;O ′′,G),
or
1
16
r4(G) ρ(p,q;O ′′,G).
This contradicts (3.8), and the inequality (3.12) follows.
For an arbitrary τ ∈ [r,R], let Cτ be a connected component of the set Lτ ∩G separat-
ing points p,q from O ′′. The existence of this component follows from (3.12).
Let ∆r,R be a subdomain of the domain G lying between Cr and CR.
The mapping χ∗ :G→ Rm belongs to ACL2loc(G) and so it is absolutely continuous
along almost all Cτ , r < τ < R [5, Theorem I.4.a].
Let u(s), 0 s  l(Cτ ), be the natural arc length parametrization of the arc Cτ , where
l(Cτ ) is the length of Cτ . Then for almost all τ ∈ [r,R],
l
(
χ∗(Cτ )
)= ∫
Cτ
∣∣∣∣dχ∗ds
(
u(s)
)∣∣∣∣ds 
∫
Cτ
√√√√ m∑
i=1
∣∣∇xi(u)∣∣2 |du|.
By the Cauchy inequality,
l2
(
χ∗(Cτ )
)
 l2(Cτ )
∫
Cτ
m∑
i=1
∣∣∇xi(u)∣∣2 |du|.
It is not difficult to show that the function l(χ∗(Cτ )) is measurable as a function of the
parameter τ ∈ [r,R]. Integrating we obtain
R∫
r
l2(χ∗(Cτ ))
τ
dτ  2π
∫
∆r,R
m∑
i=1
∣∣∇xi(u)∣∣2 du1 du2. (3.13)
Consider the conformal mapping χ∗. By (3.7) at each point of differentiability of
χ∗ :G→ S we have
m∑
i=1
∣∣∇xi(u)∣∣2 = 2∑
k=1
∣∣∣∣∂χ∗∂uk
∣∣∣∣
2
= 2
∣∣∣∣∂χ∗∂u1
∣∣∣∣
2
= 2
√∣∣∣∣∂χ∗∂u1
∣∣∣∣
2∣∣∣∣∂χ∗∂u2
∣∣∣∣
2
.
Thus, we obtain
m∑∣∣∇xi(u)∣∣2 = 2I (χ∗, u) (3.14)
i=1
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I (χ∗, u)=
√∣∣∣∣∂χ∗∂u1
∣∣∣∣
2∣∣∣∣∂χ∗∂u2
∣∣∣∣
2
−
〈
∂χ∗
∂u1
,
∂χ∗
∂u2
〉2
.
Since the area of S is bounded and the vector function χ∗ :G→ Rm belongs to ACL2loc
on G, (3.14) yields∫
G
m∑
i=1
|∇xi|2 du1 du2 = 2 area(S) <∞.
Thus on the basis of the inequality (3.13), we arrive at the estimate
inf
rτR
l2
(
χ∗(Cτ )
)
 2π log−1
√
ρ(p,q;O ′′,G)
ρ(p,q;O ′′,G)+ %
∫
G
m∑
i=1
∣∣∇xi(u)∣∣2 du1 du2.
(3.15)
Letting %→ 0, we deduce from (3.15) that
inf
rτR
l
(
χ∗(Cτ )
)

√
4π area(S) log−1/2 1
ρ(p,q;O ′′,G) .
Because each of the arcs Cτ separates point p,q from O ′′ on G, then each of the arcs
χ∗(Cτ ) separates χ∗(p),χ∗(q) from O ′ on S. Thus we obtain
ρ2
(
χ∗(p),χ∗(q);O ′,S)K log−1/2 1
ρ(p,q;O ′′,G) .
This inequality implies (3.9).
The second case. We assume that
dist(a, ∂G) >
√
diam(γ ).
Then we have
dist(a, ∂G) >
√
ρ(p,q;O ′′,G)=R,
and hence, each of the circles Cτ of the family (3.10) does not intersect the boundary ∂G.
As above, we conclude the estimate (3.15).
The mapping χ∗ :G → S is homeomorphic and thus each of the curves χ∗(Cτ ),
r  τ  R, separates the points χ∗(p),χ∗(q) from the boundary ∂S on S. The vector
function χ∗ is monotone, so that for each τ ∈ [r,R],
ρ1
(
χ∗(p),χ∗(q);O ′,S) diam(χ∗(Cτ )) l(χ∗(Cτ )).
From (3.15) we obtain
ρ1
(
χ∗(p),χ∗(q);O ′,S)K log−1/2 1
ρ(p,q;O ′′,G) ,
which implies (3.9). The theorem follows. ✷
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to ρ(p,q;O ′′,G) transforms into a Cauchy sequence {χ∗(an)} ⊂ S with respect to the
metric ρ(χ∗(p),χ∗(q);O ′,S). Thus, we obtain
Corollary 3.2. Under the conditions in Theorem 3.1 the conformal mapping (3.6) extends
to a continuous mapping from ∂ρG onto the relative boundary ∂ρS in the relative distance.
Let ξ(u) = (ξ1(u), ξ2(u)) :G → D be the mapping realizing by components ξ1(u),
ξ2(u) of the vector function (3.6). The following remark is a consequence of Theorem 3.1
and Lemma 2.2.
Corollary 3.3. If a vector function χ∗ :G→ Rm is monotone and area(S) <∞, then for
an arbitrary pair of points p,q ∈G satisfying (3.8),
ρ
(
ξ(p), ξ(q);O,D)K log−1/2 1
ρ(p,q;O ′′,G) ,
where K is the constant of Theorem 3.1.
4. Proof of main theorem
At first we observe that the statement is trivial for a constant function f. Without loss
of generality we may assume that f ≡ const.
Let S be a nonparametric surface in Rm given by a locally Lipschitz mapping (1.1).
As in Section 3, we use isothermal coordinates (u1, u2) on S which are defined by the
auxiliary quasiconformal mapping u= u(ξ) :D→ R2.
We denote by ξ = ξ(u)= (ξ1(u), ξ2(u)) the inverse mapping of u= u(ξ). Let ξi(u)=
gi(ξ(u)), i = 1,2, . . . ,m−2. The vector-valued functionχ∗(u)= (ξ1(u), ξ2(u), ξ3(u), . . . ,
ξm−2(u)) realizes the one-to-one conformal mapping from a domain G= u(D) onto the
graph S .
We prove that the image of D in the plane of isothermal coordinates (u1, u2) is G = R2,
that is, the following statement is valid.
Theorem 4.1. Let D ⊂ R2 be a simply connected domain and let χ :D→ Rm be a non-
parametric surface given by (1.1). If the vector function χ is monotone and areaS <∞,
then S is of the hyperbolic conformal type.
Proof. Since (1.1) is monotone on D and the mapping ξ :G→D is homeomorphic, the
vector function χ∗ = χ ◦ ξ is also monotone on G. The mapping ξ is locally quasiconfor-
mal and χ is locally Lipschitz and, hence, χ∗ ∈ ACL2loc(G).
Assume that G= R2. We fix arbitrarily R > 0 and t > 1. Let B(τ) and S(τ) be a disk
and a circle, respectively, with center at origin u= 0 and radius τ .
From the length and area principle (3.13), we find
inf osc
(
χ∗(u), S(τ )
)

(
2πI (R)
)1/2
, (4.1)
RτtR log t
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I (R)=
∫
|u|<tR
(|χ∗u1 |2 + |χ∗u2 |2)du1 du2.
The function χ∗(u) is monotone and, consequently, for every t > 1,
osc
(
B(R),χ∗(u)
)
 osc
(
χ∗(u), S(R)
)
 inf
RτtR
osc
(
χ∗(u), S(τ )
)
.
Thus,
osc
(
χ∗(u),B(R)
)

(
2πI (∞)
log t
)1/2
and (3.7) yields
I (∞)=
∫
R2
(|χ∗u1 |2 + |χ∗u2 |2)du1 du2
= 2
∫
R2
√
|χ∗u1 |2|χ∗u2 |2 − 〈χ∗u1 , χ∗u2〉dx1 dx2  2 area(S).
Hence,
osc
(
χ∗(u),B(R)
)

(
4π area(S)
log t
)1/2
.
Letting t →∞ we conclude χ∗(u)≡ const on R2. It follows that χ ≡ const on D.
However, if χ ≡ const in D and areaS <∞, then areaD <∞ as well. Thus, D has
the hyperbolic conformal type. The mapping u= u(ξ) :D→ R2 is then conformal in the
Euclidean metric and consequently, the image of the domain D has to be of hyperbolic
type. That is, the domain G cannot be the entire plane R2. This contradiction proves the
theorem. ✷
Since the simply connected domain G = R2 and the mapping u :D→G is defined up
to conformal mappings on the u-plane, we may assume that G is the unit disk with center
at O ′′. Moreover,∫
G
(|χ∗u1 |2 + |χ∗u2|2)du1 du2 = 2 area(S) <∞.
Using Theorem 3.1 and Lemma 2.2, we deduce that the mapping
x = j ◦ χ∗ :G→D
can be extended to a continuous mapping on G.
Besides, by virtue of Corollary 3.3 for points p,q ∈G with
ρ(p,q;O ′′,G) < 1/16,
536 O. Martio et al. / J. Math. Anal. Appl. 286 (2003) 524–539the following estimate of the relative distance holds
ρ
(
x˜(p), x˜(q);O,D)K log−1/2 1
ρ(p,q;O ′′,G) ,
where K = 2√π area(S).
We denote by x˜ :G→D the respective continuous extension mapping of x :G→D to
the boundary ∂G. If points p and q are lying on the unit circle ∂G and |p − q|< 1/16,
then ρ(p,q;O ′′,G)= |p− q|. Thus this estimate has the form
ρ
(
x˜(p), x˜(q);O,D)K log−1/2 1|p− q| for |p− q|< 116 . (4.2)
Because the mapping x˜ :G→D is continuous, the inverse image x˜−1(a) of every point
a ∈ ∂D is a closed set on ∂G. Moreover, for an arbitrary pair of points a = b on ∂D,
x˜−1(a)∩ x˜−1(b)= ∅.
The set x˜−1(a) is connected. In fact, since the boundary ∂D is a simple Jordan curve,
for sufficiently small % > 0 the set U% = {x ∈D: |x − a|< %} is connected. The mapping
x(u) :G→ D is a homeomorphism, and hence, the sets x−1(U%) are connected for all
% ∈ (0, %0) where %0 > 0 is sufficiently small. Thus, the set
x˜−1(a)=
⋂
%>0
U%
is also connected. This means that for an arbitrary point a ∈ ∂D the set x˜−1(a) is either an
isolated point or a closed connected arc.
Because the number of mutually disjoint arcs on the circle can be only countable, the
inverse mapping x˜−1 is defined in a single value manner on ∂D except at most on some
countable set E ⊂ ∂G.
Now we will prove that every point a ∈ ∂D \ E is a point of the ∂ ′-continuity of the
vector function χ .
Let b = x˜−1(a) be a generic point a ∈ ∂D \ E. By the length and area principle there
exists a sequence of subdomains {Gn}, ∂ ′Gn = S(b, τn), with properties: each of arcs
∂ ′Gn separates the point b from the origin O; diam(∂ ′Gn)→ 0 and osc(∂ ′Gn,χ∗)→ 0 as
n→∞ and ⋂∞n=1[Gn] = ∅.
We set Dn = x(Gn), n= 1,2, . . . . Because the mapping x :G→D is homeomorphic,
each of the arcs ∂Dn = x(S(b, τn)) separates the point a ∈ ∂D from O .
The mapping x˜(u) :G → D is continuous and therefore diam∂ ′Dn → 0 and⋂∞
n=1[Dn] = ∅.
Finally, osc(∂ ′Dn,χ)= osc(S(b, τn),χ∗), and hence, osc(∂ ′Dn,χ)→ 0 as n→∞.
We have shown that the point a ∈ ∂D \E satisfies the properties (α), (β) and (γ ) of the
∂ ′-continuity of χ .
We choose an arbitrary boundary jump point a ∈ E. Its inverse image x˜−1(a) is some
subarc β of the circle |u| = 1. We estimate its length l(β).
Let ξ ∈ β be the midpoint of this arc. The distance from ξ to the endpoints of the arc is
r = 2 sin l(β) .
4
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centers at ξ and radii τ , r < τ < 1. Write Cτ =G∩ S(ξ, τ ).
The standard argument shows
1∫
r
l2(χ∗(Cτ ))
τ
dτ  2π
∫
∆r,1
3∑
i=1
∣∣∇xi(u)∣∣2 du1 du2.
Now we observe, that for every τ ∈ [r,1],
l
(
χ∗(Cτ )
)
max
{
osc
(
x(Cτ ),χ
)
, length
(
x(Cτ )
)}
 δ(a,χ,O),
and therefore,
δ2(a,χ,O) 4π area(S) log−1 1
r
.
Thus we arrive at the inequality
δ2(a,χ,O) K
2
log 1/r
.
This implies
r = 2 sin l(β)
4
 exp
{
− K
2
δ2(a,χ,O)
}
,
and we obtain the following estimate of l(β) for “small” δ(a,χ,O):
l(β) 4 arcsin
(
1
2
exp
{
− K
2
δ2(a,χ,O)
})
for l(β) <
2
3
π. (4.3)
Next we estimate l(β) for large δ(a,χ,O).
Let a ∈ ∂D ∩E be a ∂ ′-jump point, where 23π  l(β) 2π . Without loss of generality,
we can assume that the arc β = x˜−1(a) is described by inequalities
β =
{
u= (u1, u2): (u1)2 + (u2)2 = 1, − l(β)2  arctg
u2
u1
 l(β)
2
}
.
Fix the segment
γ = {u= (u1, u2): 0 u1  1, u2 = 0},
and denote as p1 and p2 boundary points of the unit disk G with the cut γ lying on the
intersection of |u| = 1 and upper and lower edges of the cut γ , respectively.
Let T :G→ V be the conformal mapping from the unit disk {|u|< 1} with the cut γ
onto the half-disk V = {v = (v1, v2): (v1)2 + (v2)2 < 1, v2 > 0} such that T (p1)= (1,0),
T (p2)= (−1,0) and T (0,0)= (0,0).
Under the mapping T , the arc β ⊂ ∂G corresponds to the arc
η=
{
v = (v1, v2): l(β)4  arctg
v2
v1
 π − l(β)
4
}
.
For every 0 < k < cos l(β)4 , the rectilinear segment
ζ(k)= {v = (v1, v2): −√1− k2 < v1 <√1− k2, v2 = k}
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separating on D points a and O . The mapping χ∗∗ = χ∗ ◦ T −1 satisfies (3.7). Therefore
for every k ∈ (0, cos l(β)4 ) we have
l2
(
ζ ∗(k)
)

( ∫
ζ(k)
∣∣∣∣∂χ∗∗∂v1
∣∣∣∣dv1
)2
 2
√
1− k2
∫
ζ(k)
∣∣∣∣∂χ∗∗∂v1
∣∣∣∣
2
dv1.
Next,
cos l(β)/4∫
0
l2(ζ ∗(k))√
1− k2 dk  2
∫
V
∣∣∣∣∂χ∗∗∂v1
∣∣∣∣
2
dv1 dv2  2 area(S),
and taking into account that
l
(
ζ ∗(k)
)
 δ(a,χ,O) for all k ∈
(
0, cos
l(β)
4
)
,
we obtain
δ2(a,χ,O)
cos l(β)/4∫
0
1√
1− k2 dk  2 area(S),
or
δ2(a,χ,O)
(
π
2
− l(β)
4
)
 K
2
2π
.
Thus we arrive at the estimate
l(β)max
{
2π − 2K
2
πδ2(a,χ,O)
,0
}
. (4.4)
Let ak , k = 1,2, . . . , be the ∂ ′-jump points of the vector function χ(ξ) and let βk ,
k = 1,2, . . . , be the corresponding closed subarcs of the circle {|u| = 1}. By relabeling if
necessary we may assume that
l(β1) l(β2) · · · l(βk) · · · .
Because βi ∩ βj = ∅ for i = j , we have
∞∑
k=1
l(βk) 2π.
Starting from k = 4, we have l(βk) < 23π and we may use the estimate (4.3). This
implies
4
∞∑
arcsin
(
1
2
exp
{
− K
2
δ2(ak,χ,O)
})

∞∑
l(βk). (4.5)k=4 k=4
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3∑
k=1
max
{
2π − 2K
2
πδ2(ak,χ,O)
,0
}

3∑
k=1
l(βk). (4.6)
Combining (4.5) and (4.6), we conclude that
3∑
k=1
max
{
2π − 2K
2
πδ2(ak,χ,O)
,0
}
+ 4
∞∑
k=4
arcsin
(
1
2
exp
{
− K
2
δ2(ak,χ,O)
})

3∑
k=1
l(βk)+
∞∑
k=4
l(βk) 2π,
and this completes the proof. ✷
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